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Answer all questions.

Q1. (10 marks) Prove that the closed unit ball of C]0, 1] is not compact (under the usual
uniform metric).

OR

Let {f.} be a sequence of functions in C[0, 1] with f,(0) = 0 and |f.(z) — fu(y)| < |z — y|
for all z,y € [0,1] and n € N. Prove that {f,} has a uniformly convergent subsequence.

Q2. (15 marks) Let X be a compact metric space and F C C(X,R") an equicontinuous
family. Prove that if F is pointwise bounded (that is, for each = € X, there exists M, > 0
such that || f(x)|| < M, for all f € F) then F is uniformly bounded (that is, || f(x)|| < M for
all f € F and z € X for some M > 0).

Q3. (15 marks) Let X be a compact metric space and A a closed subalgebra of C'(X,R) with
1 € A Let f € A be a positive function (that is, f > 0 on X). Prove that v/f € A. Also
prove that {|f|: f € A} C A.

Q4. (20 marks) Let X be a compact metric space and 7' : X — X a map such that
d(Tz,Ty) < d(z,y) for all x # y in X. Prove that T" has a unique fixed point.
[Hint : If so, then d(Tx,x) = 0 for some z € X ]

Q5. (10 marks) Let N be a fixed natural number. Consider the trigonometric polynomial
p(x) = o + 1™ + 262" 4+ .+ eneNT where ¢, € R and S0 ¢2 = 1. Prove that

n=0 "n
/ ip(2)] dz < 27

—T

Q6. (10 + 5 + 5 = 20 marks) Let f € R[—m,n] with f(z) ~ 3°°__ f(n)e™ and sy(z) =
Zg:_ N f(n)e™®, the N-th partial sum of the Fourier series of f.

(a) Given any trigonometric polynomial py(z) = 3.2 ¢,e™, prove that
If = snll < |If —pwll-
™ 1

gl = (3 /7, l9(x)* dz)2, for all g € R[-7, 7] ]

(b) Prove that 32, ., [f(n)|* < [Lf]]*.

(c) Prove or disprove the following statement - " There exists an integrable function f €
R[—m, 7] whose Fourier series is the formal sum Y > ™.
Q7. (10 marks) Let X be a compact metric space. Use the Stone-Weierstrass theorem to
prove that C'(X,R) is separable.



